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Within the same failure mode, iron has the lowest ideal tensile strength among the transition
metals crystallizing in the body-centered cubic structure. Here, we demonstrate that this anoma-
lously low strength of Fe originates partly from magnetism and is reflected in unexpected alloying
effects in dilute Fe(M ) (M = Al, V, Cr, Mn, Co, Ni) binaries. We employ the structural energy
difference and the magnetic pressure to disentangle the magnetic effect on the ideal tensile strength
from the chemical effect. We find that the investigated solutes strongly alter the magnetic response
of the Fe host from the weak towards a stronger ferromagnetic behavior, which is explained based
on single-particle band energies.
PACS numbers: 62.20.-x,71.15.Nc,75.50.Bb,81.05.Zx
Improving the strength and ductility of materials is an
eternal challenge in materials design. The strength of
most structural materials is determined by the complex
micro-structural properties associated with defects, such
as vacancies, dislocation networks, and grain boundaries.
A realistic description of strength involves accurate mod-
eling of the dislocation activity for long periods of time,
which is an enormous task for ab initio methods. How-
ever, the mechanical strength of solids is bounded from
above and the limit is referred to as the ideal strength.1
The ideal tensile strength (ITS) is the stress at which
a perfect crystal in tension becomes unstable with re-
spect to an infinitesimal homogeneous strain. The ITS
has been accepted as an essential intrinsic mechanical pa-
rameter of single crystal materials.2–4 The ideal strength
connects aspects of chemical bonding and crystal sym-
metry with the mechanical properties of ideal lattices,
such as the failure mode5 or common slip systems,2 and
is involved in fracture theory and the nucleation of de-
fects.1,6 The ideal strength can be approached in systems
with very low defect density like whiskers or thin films,
and in graphene.1,7,8
Considerable progress has been made to understand
the behavior of elemental solids,9–11 compounds,12–15 and
ordered alloys16 at the limit of strength. Although steels
are well-studied structural materials, surprisingly little is
known about their ideal strengths.17 Previous ab initio
studies focused on elemental Fe as the basic ingredient
to steel.2,11,18–20 Accordingly, ferromagnetic Fe fails in
tension by cleavage of the {001} atomic planes at an at-
tainable strength ∼ 55% lower than those of the other
body-centered cubic (bcc) metals with the same failure
mode (Mo and W).18 The bcc refractory elements V, Nb,
and Ta possess comparable low ITSs to Fe, but they fail
under tensile stress due to a shear instability rather than
by cleavage.3 Restricting the failure in tension to cleav-
age of the {001} planes, the ITS of Fe turns out to be
the lowest among all bcc transition metals.2,3,20,21
Against this background, several fundamental issues
call for in-depth investigation: Why is the ITS of Fe
so much lower than those of Mo and W? Can the ideal
strength of Fe be increased by alloying? Will the failure
mode in Fe-alloys be changed? What role does mag-
netism play in the attainable ITS of Fe and its alloys?
In this paper, we employ ab initio alloy theory to shed
light onto the above questions. Studying pure Fe and
six Fe-based binary alloys, we predict that the ITS of Fe
can be significantly altered by alloying. We demonstrate
that the ITS of Fe is anomalously low due to the weak
ferromagnetic behavior. We give evidence that not only
the late 3d metals but also a small amount of early 3d
metal or Al enhance the stability of the ferromagnetic
order in Fe, and this change in the magnetic behavior
dominates the alloying effects on the ITS of Fe-rich alloys.
The ITS of Fe (σm) is the first maximum of the stress-
strain curve, σ(ǫ) = 1+ǫΩ(ǫ)
∂E(ǫ)
∂ǫ , with corresponding maxi-
mum strain (ǫm) upon uniaxial loading along the 〈001〉 di-
rection. Here, Ω(ǫ) is the relaxed volume at strain ǫ. The
tensile stress was determined by incrementally straining
the crystal and taking the derivative of the computed
total energy E(ǫ) with respect to ǫ. At each value of
the strain, the two unit cell lattice vectors perpendicular
to the 〈001〉 direction were relaxed allowing for a possi-
ble symmetry lowering deformation relative to the initial
body-centered tetragonal symmetry (bct, lattice param-
eters a and c). Previous studies of the magnetic order
of bct Fe22–24 showed that Fe remains ferromagnetic in
the part of the (a, c)-configuration space corresponding
to 〈001〉 uniaxial tension with ǫ ≤ ǫm. Accordingly, all
calculations were performed for ferromagnetic Fe matrix.
2TABLE I. The present ideal tensile strength (σm) and the cor-
responding strain (ǫm) under 〈001〉 loading for ferromagnetic
bcc Fe compared with the available literature data for Fe, Mo
and W.
element σm (GPa) ǫm(%)
Fe 12.6 14.1
12.6,2 12.418 15,2 1618
12.4,25 12.719 14,25 1519
Mo 28.318 1218
W 28.918 1318
The adopted first-principles method is based on
density-functional theory as implemented in the exact
muffin-tin orbitals method26 with exchange-correlation
parameterized by Ref. 27. The problem of disorder was
treated within the coherent-potential approximation,28
and the total energy was computed via the full charge-
density technique.26
Our calculated ITS for Fe is in close agreement with
previous assessments (Table I). We found that a bifurca-
tion from tetragonal to orthorhombic symmetry occurs
at ǫorth = 17% (due to a vanishing shear modulus), i.e.,
well above ǫm = 14.1%. This result is in accordance with
Ref. 2, where the branching was reported to occur at 18%
strain. Compared to the ITSs of Mo and W (Table I),
which possess the same failure mode as Fe, the ITS of Fe
is anomalously low.
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FIG. 1. (Color online) The ITS (σm) of ferromagnetic bcc
Fe1−xMx alloys as a function of concentration.
Turning to Fe1−xMx (M = Al, V, Cr, Mn, Co, or
Ni) solid solutions, we studied the alloying effect on the
ITS in the concentration interval 0 ≤ x ≤ 0.1 (for Mn
0 ≤ x ≤ 0.05). The selected solute atoms are common
in commercial steel alloys. The calculated ITS is found
to increase with V, Cr and Co and decrease with Al and
Ni addition to Fe (Fig. 1). Manganese shows a small but
non-monotonous alloying behavior. When accounting for
the possibility of an orthorhombic branching away from
the tetragonal deformation path, we found that for the
present binaries and concentrations, the branching oc-
curs at strains larger than ǫm(x) corresponding to the
ITS of Fe1−xMx. Hence all Fe-alloys considered here are
predicted to fail by cleavage under 〈001〉 loading.
In the following, we analyze the alloying effect on the
ITS of Fe1−xMx starting from a model based on struc-
tural energy differences (SEDs).29 Although it turns out
that the SED model fails for σm, we find that this model
accounts for the alloying effect on the auxiliary ITSs ob-
tained either for constant-volume deformation (σΩm) or for
fixed-magnetic moment along the relaxed loading path
(σµm). We show that the difference between the auxiliary
and the full ITSs, viz. ∆ΣΩ/µ ≡ σ
Ω/µ
m − σm, correlates
well with the excess magnetic pressure (∆Pmag) that de-
velops upon lattice distortion. Finally, the difference in
the magnetic properties of Fe and Fe1−xMx are eluci-
dated on the basis of their electronic structure.
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FIG. 2. (Color online) The constrained ITSs of ferromag-
netic bcc Fe1−xMx alloys at a constant-volume deformation
(σΩm) and with fixed-magnetic moment along the relaxed load-
ing path (σµm, crossed-out pentagons). The inset shows the
change in the ITS versus the change in the fcc-bcc SED for
a concentration increase from xi = 0.00 to xf = 0.05. Filled
symbols and open symbols denote the data for the fully re-
laxed loading paths (σm, Fig. 1) and the constrained-volume
deformations paths (σΩm), respectively. The SED model as-
sumes that the data points are located along a straight line
(dashed line) in the unshaded area.
The SEDs have often been used to explain alloying
trends of various physical parameters.29,30 According to
the SED model for the ITS,29 the change in σm(x)
with concentration variation from xi to xf should be
proportional to the corresponding change in SED, viz.
[σm(xf) − σm(xi)] ∝ [∆ESED(xf) − ∆ESED(xi)], where
∆ESED(x) ≡ Efcc(x) − Ebcc(x) is the SED between the
face-centered cubic (fcc) and bcc lattices both of them
taken at the bcc equilibrium volume. Surprisingly, no
such correlation could be established for the present Fe-
alloys. This is illustrated in the inset of Fig. 2 (filled
symbols), where the SEDs were computed assuming fer-
romagnetic order for both lattices. On the other hand,
3the SED model provides the possibility to isolate that
part of σm(x) which correlates with the trend of SED. To
this end, we consider σΩm obtained by fixing the volumes
along the deformation paths to the respective bcc equilib-
rium volumes. Monitoring σΩm (Fig. 2), we find that the
change in σΩm(x) follows the change in ∆ESED(x). This
is demonstrated in the inset of Fig. 2 (open symbols).
Comparing σΩm (Fig. 2) with σm (Fig. 1), we realize that
the ITS of pure Fe is the most significantly increased by
the constant-volume constraint. This is to a much lesser
extent the case for Fe-alloys, for which ∆ΣΩ are con-
siderably smaller than for pure Fe. To reveal the origin
of these differences, below we identify another auxiliary
ITS that follows a similar trend as σΩm(x). Investigat-
ing the magnetic structures of Fe along the relaxed and
constant-volume loading paths, we observe that in the
relevant strain interval ǫ:(0 - ǫm) the value of the mag-
netic moment (µ) of Fe is more strongly affected by the
volume increase accompanying the tensile deformation (µ
increases by 0.30µB along the fully relaxed loading path)
than by the lattice distortion (µ increases by 0.10µB
along the constant-volume deformation path). Further-
more, we find that both of these changes of µ are sub-
stantially diminished by alloying. We give evidence how
magnetism affects the ITS by considering σµm obtained by
constraining the magnetic moment along the previously
determined fully-relaxed strain paths to their respective
ground state (bcc) values. According to σµm (exemplary
shown in Fig. 2 for Fe1−xVx, crossed-out symbols), we
observe that fixing the magnetic moment but taking into
account structural relaxations yields very similar ITS for
Fe and produces essentially the same alloying effect on
the ITS as fixing the volume but allowing for the relax-
ation of the magnetic moments. Since for the latter de-
formation, the change of µ is small (as discussed above),
both σΩm and σ
µ
m reflect the hypothetical case if Fe were
a strong ferromagnet, for which the magnetic moment
would not be sensitive to the atomic environment. Hence,
we attribute the large values of ∆ΣΩ/µ for pure Fe to the
weak ferromagnetism, which is however very sensitively
modified by alloying.
To quantify the impact of magnetism on the ITS of
Fe and Fe-alloys we make use of the concept of mag-
netic pressure in itinerant magnets. We argue that if a
positive excess magnetic pressure develops in the crystal
upon constrained distortion, this excess pressure leads to
a reduction of the total stress when the magnetic mo-
ment (or the volume) is released. Within the Stoner
model, the magnetic pressure (pmag) is estimated by
pmag ∝ kµ
2/Ω, where k stands for a positive proportion-
ality factor that depends on potential parameters.31,32
Accordingly, here we introduce the excess magnetic pres-
sure as ∆Pmag ∼ µ
2
m/Ωm − µ
2
0/Ω0, evaluated at the
ITS (subscript ’m’) with respect to the magnetic pres-
sure present already in the ground state (subscript ’0’).
∆Pmag describes the additional magnetic pressure in the
lattice corresponding to the increase of the magnetic mo-
ment upon lattice distortion. The two ITS enhancements
∆ΣΩ and ∆Σµ against ∆Pmag are plotted in Fig. 3 in
units of the ITS of pure Fe. The correlation between
∆ΣΩ/µ and ∆Pmag is found to be very good for x ≤ 0.075
(with some scatter for x = 0.1), meaning that larger ex-
cess magnetic pressure indeed yields larger difference be-
tween σ
Ω/µ
m (Fig. 2) and σm (Fig. 1). Due to its weak
ferromagnetism, Fe exhibits the largest excess magnetic
pressure, which induces 45% (38%) stress increase when
constraining volume (magnetic moment). In Fe1−xMx,
the most important effect of alloying is that the excess
magnetic pressure and thus ∆ΣΩ/µ are gradually reduced
with increasing x. Alloys with 10% solute concentration
possess approximately zero excess pressure, meaning that
there is only a small magnetic contribution to their ITSs.
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FIG. 3. (Color online) Correlation between the stress change
(∆ΣΩ/µ) in units of the ITS of Fe and the magnetic pres-
sure change (∆Pmag) for the constant-volume deformation
(filled symbols) and for the fixed-magnetic moment defor-
mation along the relaxed loading path (open symbols). The
dashed line indicates the linear correlation between ∆ΣΩ and
∆Pmag.
The analysis above based on the excess magnetic pres-
sure explains the differences between the ITSs shown in
Fig. 1 and Fig. 2. Now one should ask why the mag-
netic moments of Fe-alloys (and the magnetic pressures)
are much less sensitive to the atomic environment com-
pared to that of pure Fe. We seek for a plausible ex-
planation by considering how the single-particle band
energies (e) are affected when an additional magnetic
moment is induced in the lattice. Employing the rigid
band model and the force theorem,33 we express the en-
ergy change by the change in the band energy (∆Eband)
when the magnetic moment is increased by ∆µ = µ−µ0
relative to the equilibrium moment (µ0). Accordingly,
∆Eband ≡ Eband↑ +Eband↓ =
∫ e↑(µ)
eF
(e′ − eF)N↑(e
′)de′ +
∫ e↓(µ)
eF
(e′ − eF)N↓(e
′)de′, is the band energy change pro-
duced by transferring (µ− µ0)/(2µB) electrons from the
minority-spin band (N↓(e)) below the Fermi level (eF) to
the majority-spin band (N↑(e)) above eF. All required
quantities were found from the calculated spin-polarized
electronic density of states (DOS) at the corresponding
4bcc equilibrium volumes of alloys.
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FIG. 4. (Color online) Band energy cost for an increase of
the magnetic moment beyond its equilibrium value based on
a rigid band analysis of the respective bcc total DOSs. The
inset shows the position of the t2g↑ shoulder in the majority-
spin band relative to the Fermi energy as extracted from the
equilibrium DOSs.
Figure 4 illustrates that the band energy cost for an
increase of µ is lower for bcc Fe than for all present bina-
ries with x = 0.1 (x = 0.05 in the case of Mn). Therefore,
an increase of the magnetic moment, e.g., as a result of a
lattice distortion, is energetically much more favorable in
pure Fe than in Fe alloys. In other words, the magnetic
moment (and thus the magnitude of the magnetic pres-
sure) is much more sensitive to the atomic environment
in pure Fe than in Fe-alloys.
Considering the spin-resolved changes of the band en-
ergy (not shown), we find that for pure Fe, the contribu-
tion of N↓ to ∆Eband is approximately twice as large as
the contribution of N↑. That is because the Fermi level
in bcc Fe sits at the bottom of the pseudo gap in the
minority DOS (where N↓ is small) and at the shoulder of
the majority-spin band dominated by t2g↑ states (where
N↑ is relatively high).
34,35 In the Al, Co, and Ni contain-
ing binaries, alloying increases mainly Eband↑ exceeding
significantly the nearly concentration-independent con-
tribution of Eband↓. With V, Cr, or Mn addition, alloy-
ing still increases Eband↑ much more significantly than
Eband↓ but the main contribution to the increase of the
band energy remains the minority-spin band, like in Fe.
The common denominator for the alloying-induced in-
crease of Eband↑ is basically due to a downshift of the Fe
host states in the majority-spin band. The inset of Fig. 4
illustrates the lowering of the edge of the t2g↑ shoulder
with respect to eF. While the edge of the t2g↑ shoul-
der is located just above eF in Fe, it is pushed below eF
for all binaries, indicating the opening of a small Stoner
pseudo-gap. The associated microscopic mechanism in
the case of Al, V, Cr, and Mn doping originates from the
hybridization of the solute states with the unoccupied s
and p bands of Fe.35 In the case of Co and Ni, the so-
lutes fill up mainly the majority-spin band of Fe. Both
mechanisms lower N↑(eF), decrease the magnetic suscep-
tibility and make the ferromagnetism stronger relative to
that of pure Fe. Stronger ferromagnetism, in turn, cor-
responds to more robust magnetic moments, to smaller
excess magnetic pressure upon lattice deformation and to
smaller difference between σ
Ω/µ
m (Fig. 2) and σm (Fig. 1).
In summary, we have demonstrated that alloying Fe
with frequently utilized solutes with concentrations up
to 10% is an effective mean to alter the intrinsic upper
bound of the mechanical strength in tension along 〈001〉.
Vanadium turns out to be one of the most efficient alloy-
ing agents producing an enhancement of the ideal tensile
strength by 2.3% per atomic percent of V. All binary sys-
tems considered here fail by cleavage under 〈001〉 loading.
The predicted ITSs form a consistent starting point for
establishing useful limits on the attainable combination
of strength and toughness of Fe-based alloys.17
We have shown that both the anomalously low ITS of
pure Fe, in comparison with other bcc elements exhibit-
ing the same failure mode, and the unexpected alloying
effects are ascribed to the weak ferromagnetism of Fe.
We have found that the present solutes alter the mag-
netic response of the Fe host during tension from the
weak towards a stronger ferromagnetic behavior. The
underlying driving force is shown to originate from the
alloying induced-effects on the peculiar electronic struc-
ture of Fe. The fact that a small amount of Al or early 3d
metal enhances the stability of ferromagnetism in Fe is
in contrast to the commonly accepted scenario based on
the phenomenological Slater-Pauling curve,36 and calls
for revision of the existing picture of magnetism in dilute
Fe-alloys.
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